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  Abstract 
In gear work, the gear transmission system will inevitably have postpartum geo-
metric eccentricity due to the influ-ence of assembly and manufacturing. This 
phenomenon can cause the center of rotation to not match the center of mass, 
which further affects the dynamic response of the gear system. In this paper, a 
dynamic model of the gear shaft based on the transfer method is proposed to con-
sider the geometric eccentricity fault of the gear, and the factor of the meshing 
stiffness with the velocity is also considered during the gear meshing process. Fi-
nally, the dynamic re-sponse under different eccentricity and initial eccentricity 
angle is discussed. 
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1. Imtroduction 

With the wide application of gear systems in industry, the dynamic response analy-
sis of gear systems becomes particularly important in improving the stability of the 
system and reducing the vibration noise of the system. Therefore, it is necessary to 
establish a more realistic dynamic model. 
Geometric eccentricity leads to the variation of gear center distance during the pro-
cess of meshing resulting in large deviations between the theoretical and actual 
contact positions. Luo et al. [1] analyzed the effect of gear center distance variation 
on the time-varying mesh stiffness by analytical method, where the distance varia-
tion was caused by the run-out error of the gear singly. 
The eccentricity error was evaluated in terms of the static equilibrium position, and 
the influence of the eccentricity fluctuation on the pure-squeezed journal velocity 
and reacting force in bearings was considered. Gu and Velax [2] presented a dynam-
ic model to analyze the load sharing, and the results showed that geometric eccen-
tricities have a significant effect on dynamic behaviors. Zhang et al. [3] proposed a 
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three-dimensional dynamic model with geometric eccentricities for a geared rotor 
system, and the positional changes were analyzed. A nonlinear dynamic model was 
established by Xiang and Gao [4]. The dynamic responses and the influence of gear 
eccentricity were discussed. 
Gear meshing force is essential as an important excitation in gear systems, and alt-
hough the influence of eccentric fault on meshing stiffness has been considered in 
previous studies [5,6,7], the influence of rotational speed on it has not been consid-
ered. 

2. Spur gear system dynamics modeling 
2.1. Definition of parameters of spur gear system with geometric ec-
centricity faults 

Table 1. Gear pairs data. 
Parameter Pinion/Gear 

Number of teeth 27/36 
Tooth width (mm) 10 

Module (mm) 2.5 
Modulus of elasticity (G·Pa) 207 
Initial pressure angle 𝜶𝜶𝟎𝟎(°) 20 

Mesh damping ratio 𝝃𝝃𝒎𝒎 0.25 
Backlash(m) 1E-4 

2.2. Dynamic model with geometric eccentricity 

A six-DOF lumped parameter model of a pair of involute spur gear transmission 
system arranged horizontally is illustrated in Fig. 1. 

 

Fig 1. Generalized coordinates for the gear pair 
In Fig 2, the constant eccentricity of the pinion and gear are 𝜌𝜌𝑝𝑝 and𝜌𝜌𝑔𝑔. Ο𝑝𝑝 and Ο𝑔𝑔 
represent the rotation centers of the pinion and gear, respectively. 𝐺𝐺𝑝𝑝 and 𝐺𝐺𝑔𝑔 de-
note two positions of the actual geometric center of the pinion during the rotation 
process. The motions of the gear set can be defined with six generalized coordinates 
as they are assumed to be planar motion, namely, two translational coordinates and 
one rotational coordinate for each gear. 𝜃𝜃𝑖𝑖 means the angular displacement of the 
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gear 𝑖𝑖, The vibration displacements of gear 𝑖𝑖 are given by translational coordinates, 
𝑥𝑥𝑖𝑖 and 𝑦𝑦𝑖𝑖 . G𝑝𝑝

′  and 𝐺𝐺𝑔𝑔′  are the geometric center at any time after the rotation. 

 ( ) ( )cos + sinp p p p p g px yρ φ ρ φ= + +r i j
      (1) 

 ( ) ( )cos sin+g g g g g g gx yρ φ ρ φ= + +r i j
      (2) 

where, 𝒊𝒊 and 𝒋𝒋 are unit vectors along the 𝑥𝑥 and 𝑦𝑦 axes, respectively. 
The distance 𝑙𝑙 between two centers of geometric can be expressed as: 

 
2 2

0 0 0 0( cos( ) ) ( sin( ) )
g p g pG G G Gl d X X d Y Yβ β′ ′ ′ ′= + − + + −

         (3) 
The rotation angle displacements of gear 𝑖𝑖  are given by angular coordinates, 
𝜙𝜙𝑝𝑝 and 𝜙𝜙g, which can be expressed as follows:  

 
( ) ( )p p pt tφ θ ϕ= +

, 
( ) ( )g g gt tφ θ ϕ= +

 (4) 
where, 𝜃𝜃𝑖𝑖 is the torsional angle displacement superimposed on the rigid-body rota-
tion of gear 𝑖𝑖. 
The actual center distance 𝑑𝑑 is given by 

 
( ) ( )2 2

0 0 0 0= cos sing p g pd d x x d y yβ β+ − + + −
   (5) 

In which 𝑑𝑑0 = 𝑅𝑅𝑝𝑝 + 𝑅𝑅g, and 𝑅𝑅𝑝𝑝 and 𝑅𝑅g are the pitch circle of the pinion and gear. 
The position angle 𝛽𝛽 can be expressed as: 

 

0 01

0 0

sin sin sin
tan

cos cos cos
g g g p p p

g g g p p p

d y y
d x x

β ρ φ ρ φ
β

β ρ φ ρ φ
− + + − −

=
+ + − −   (6) 

The Fig 3 shows a nonlinear dynamic model for the gear pair at any mesh position 
with eccentricity after motion. The actual pressure angle 𝛼𝛼 is defined as the angle 
between the 𝐿𝐿𝐿𝐿𝐿𝐿 and the direction of velocity at the pitch point, and can be ex-
pressed as: 

 
( )( )1cos bp bgR R dα −= +

    (7) 
where, 𝑅𝑅𝑏𝑏𝑖𝑖 is the radius of the base circle of gear 𝑖𝑖. 

 

Fig 2. Meshing process of a gear pair with eccentricity 
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According to the gear mesh relationship, the gear mesh deformation (also called 
𝐷𝐷𝐷𝐷𝐷𝐷) between two mating gears along the 𝐿𝐿𝐿𝐿𝐿𝐿 can be written as: 

( ) ( ) ( ) ( )sin cos
p p g g p p g gG G G G G G G G bp p bg gX X X X Y Y Y Y R Rδ α β α β ψ ψ′ ′ ′ ′= − − + − + − − + − + +

(8) 
The relationship between the coordinates of the geometry center point and the cen-
ter of rotation can be found from geometric relationships. 

 
cos

pG p pX ρ ϕ=
， 

sin
pG p pY ρ ϕ=

                          (9) 
cos

gG g gX ρ ϕ=
， 

sin
gG g gY ρ ϕ=

                        (10) 
cos

pG p p pX x ρ φ′ = +
， 

sin
pG p p pY y ρ φ′ = +

                 (11) 
cos

gG g g gX x ρ φ′ = +
， 

sin
gG g g gY y ρ φ′ = +

                 (12) 
The relationship between 𝜓𝜓𝑝𝑝 and 𝜃𝜃𝑝𝑝, 𝜓𝜓𝑔𝑔 and 𝜃𝜃𝑔𝑔 can be obtained as: 

 0p pψ θ α α= + −
, 0g gψ θ α α= + −

 (13) 
Eventually, the total gear backlash 𝑏𝑏𝑡𝑡 including the initial backlash 𝑏𝑏0 can be ex-
pressed as: 

 0 0 0 0( )(tan tan )t bp bgb b b b R R α α α α= + ∆ = + + − + −
   (14) 

Based on the theory of viscoelasticity, the dynamic mesh force (DMF) consists of 
elastic force and damping force along the LOA and can be written as: 

 
( ) ( )m m 1, ,t m tF k f b c f bδ δ= +

    (15) 
where, 𝑘𝑘𝑚𝑚 and 𝑐𝑐𝑚𝑚  are time-varying mesh stiffness and damping, 𝑐𝑐𝑚𝑚 =
2𝜉𝜉𝑚𝑚�𝑘𝑘𝑚𝑚𝐽𝐽1𝐽𝐽2 (𝐽𝐽2𝑅𝑅12 + 𝐽𝐽1𝑅𝑅12)⁄ , 𝜉𝜉𝑚𝑚  is the damping ratio (0.03~0.17); 𝑏𝑏𝑡𝑡  is 
time-varying half gear backlash. 𝑓𝑓(𝛿𝛿,  𝑏𝑏𝑡𝑡) and 𝑓𝑓1(𝛿𝛿,  𝑏𝑏𝑡𝑡) are the nonlinear functions 
for backlash and relative speed respectively and can be expressed as: 

( ) ( )sign    
,

       0               else
t t

t
b b

f b
δ δ δ

δ
 − >

= 
             (16) 

( ) ( )
1

sign    ,  
     0                   else

t t
t

b bf b δ δ δ
δ

 − >





            (17) 
here, superscript (∙) denotes derivative with respect to time. 
The dynamics equations can be written in matrix form by using Lagrange equation, 
as follows: 

1

0 0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

p

p

p

E
px mx

p p xp p xp p
E

p p yp p yp p py my p

Ep p p pp p p m

F Fm x c x k x
m y c y k y F F m g

J c k TF T

τ

τ

τθ θ
θ

θθ θ

 +                          + + + + = −                                  +     

 

 

 

(18) 
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,

2

0 0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

g

p g

g

E
gx mx

g g xg g xg g
E

g g yg g yg g gy my g

Eg g g gg g g m

F Fm x c x k x
m y c y k y F F m g

J c k TF T

τ

τ

τθ θ
θ

θθ θ

 +                          + + + + = −                                  +     

 

 

 

(19) 

3. Calculation of VMS 

In one mesh cycle of the gear, there will be a single-tooth mesh region and a dou-
ble-tooth mesh region. When the two teeth mesh at the same time, it can be seen as a 
series connection of the V-TVMS of the two pairs of teeth. Hence, the V-TVMS for one 
mesh cycle can be calculated as: 

 
( ) ( ) ( )1 2, ,md p m p g m p gk k kθ θ θ θ θ= +    

   (20) 
here, the 𝑘𝑘𝑚𝑚1  and 𝑘𝑘𝑚𝑚2  are the V-TVMS of single-tooth and double-tooth, respectively. 
It can be expressed as: 

 

( ) ( ) ( )
1 1,

1 1 1j jm p g n n
p p g g h

k
k k k

θ θ
θ θ

=
+ +

 
 

 (21) 
 

( ) ( ) ( )2

1 1
1 1 1,

0 1

n v j n v j j vn n n n n n
p p g g hm p g

v j n v

n n
k k kk

n n n n

θ θθ θ
− + − +

 ≤ ≤ + += 
 < ≤ − +

  

(22) 

4. Dynamic mesh stiffness and dynamics analysis 

Then, the gear meshing stiffness in relation to speed can be expressed as shown in 
the figure 

 

Fig 3. 3D plots of comprehensive mesh stiffness with different speeds 

Fig 3 shows the 3-D plots of total mesh stiffness with different driving speeds. It is 
interesting that the driving speed has more effects on the mesh area of double pairs 
of teeth.  



Zhihao Zheng. Fuhao Liu 
 

 

DOI:10.63313/AERpc.9039 79 Advances in Engineering Research : Possibilities and Challenges 
 

 

Fig 4. Speed sweep of the gear system Red solid line: VMS; Blue solid line: SMS 

As shown in fig 4, the abscissa is the driving speed of the gear system, and the ordi-
nate is the maximum value of the dynamic transmission error. The overall trends of 
the two models are roughly the same before 12,000 rpm. The new model only has a 
more drastic maximum DTE value with the fluctuation of the speed at medium and 
low speeds. 

 

 

Fig 5. Time-domain waveforms in different case: a DMF, b pressure angle, c center distance, d 
DTE 

Due to the time-varying gear eccentricity, parameters such as dynamic meshing force, 
center distance, and pressure angle also change with time, which affects the dynamic 
characteristics of the gear system. The states of meshing parameters are divided into 
two cases. They are the constant parameter (Case 1), and the parameter with eccen-
tricity error (Case 2). When the initial backlash is 50 𝜇𝜇𝜇𝜇 and the speed is 6800 rpm, 
the time-domain waveforms of pressure angle, center distance, dynamic transmis-
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sion error (DTE), and dynamic mesh force (DMF) are shown in Fig 5. Under the effect 
of eccentricity error, as can be seen from the a-d of Figure 5, due to the influence of 
coupling between gear systems, when considering the influence of eccentricity, the 
various meshing parameters in the gear system will periodically fluctuate up and 
down between constant parameters, which will directly affect the dynamic charac-
teristics of the gear system. 

5. Conclusion 

In summary, the proposed model is further improved compared with the traditional 
model, and the influence of gear eccentricity failure on the whole system is studied 

References 
[1] Y. Luo, N. Baddour, M. Liang, Effects of gear center distance variation on time varying 

mesh stiffness of a spur gear pair, Eng. Fail. Anal. 75 (2017) 37–53. 
[2] Gu, X., and Velex, P., 2013, “On the Dynamic Simulation of Eccentricity Errors in Plane-

tary Gears,” Mech. Mach. Theory, 61, pp. 14–29. 
[3] Zhang, Y., Wang, Q., Ma, H., Huang, J., and Zhao, C., 2013, “Dynamic Analy sis of 

Three-Dimensional Helical Geared Rotor System With Geometric Eccentricity,” J. Mech. 
Sci. Technol., 27(11), pp. 3231–3242. 

[4] Xiang, L., and Gao, N., 2017, “Coupled Torsion-Bending Dynamic Analysis of 
Gear-Rotor-Bearing System With Eccentricity Fluctuation,” Appl. Math. Modell., 50, pp. 
569–584. 

[5] Zhibo G ,Ke X ,Jiaxu W , et al.Nonlinear Dynamic Analysis of a Rigid–Flexible Gear 
Transmission Considering Geometric Eccentricities[J].Journal of Computational and 
Nonlinear Dynamics,2020,15(8): 

[6] Yu W ,Mechefske K C ,Timusk M .The dynamic coupling behaviour of a cylindrical geared 
rotor system subjected to gear eccentricities[J].Mechanism and Machine Theo-
ry,2017,107105-122. 

[7] Zheng C ,Yimin S ,Meng R , et al.Effects of the gear eccentricities on the dynamic perfor-
mance of a planetary gear set[J].Nonlinear Dynamics,2018,91(1):1-15. 


	[1] Y. Luo, N. Baddour, M. Liang, Effects of gear center distance variation on time varying mesh stiffness of a spur gear pair, Eng. Fail. Anal. 75 (2017) 37–53.
	[2] Gu, X., and Velex, P., 2013, “On the Dynamic Simulation of Eccentricity Errors in Planetary Gears,” Mech. Mach. Theory, 61, pp. 14–29.
	[3] Zhang, Y., Wang, Q., Ma, H., Huang, J., and Zhao, C., 2013, “Dynamic Analy sis of Three-Dimensional Helical Geared Rotor System With Geometric Eccentricity,” J. Mech. Sci. Technol., 27(11), pp. 3231–3242.
	[4] Xiang, L., and Gao, N., 2017, “Coupled Torsion-Bending Dynamic Analysis of Gear-Rotor-Bearing System With Eccentricity Fluctuation,” Appl. Math. Modell., 50, pp. 569–584.
	[5] Zhibo G ,Ke X ,Jiaxu W , et al.Nonlinear Dynamic Analysis of a Rigid–Flexible Gear Transmission Considering Geometric Eccentricities[J].Journal of Computational and Nonlinear Dynamics,2020,15(8):
	[6] Yu W ,Mechefske K C ,Timusk M .The dynamic coupling behaviour of a cylindrical geared rotor system subjected to gear eccentricities[J].Mechanism and Machine Theory,2017,107105-122.
	[7] Zheng C ,Yimin S ,Meng R , et al.Effects of the gear eccentricities on the dynamic performance of a planetary gear set[J].Nonlinear Dynamics,2018,91(1):1-15.

